Fuzzy equilibrium existence for Bayesian abstract fuzzy economies and
  applications to random quasi-variational inequalities with random fuzzy
  mappings by Patriche, Monica
ar
X
iv
:1
30
4.
81
18
v1
  [
ma
th.
OC
]  
30
 A
pr
 20
13
Noname manuscript No.
(will be inserted by the editor)
Fuzzy equilibrium existence for Bayesian
abstract fuzzy economies and applications to
random quasi-variational inequalities with
random fuzzy mappings
Monica Patriche
University of Bucharest e-mail: monica.patriche@yahoo.com
The date of receipt and acceptance will be inserted by the editor
Abstract In this paper, we introduce a Bayesian abstract fuzzy econ-
omy model and we prove the Bayesian fuzzy equilibrium existence. As ap-
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1 INTRODUCTION
The study of fuzzy games has begun with the paper written by Kim and
Lee in 1998 [16]. This type of games is a generalization of classical abstract
economies. For an overview of results concerning this topic, the reader is
referred to [24]. Though, the existence of random fuzzy equilibrium has not
been studied by now. We introduce the new model of Bayesian abstract
fuzzy economy and explore the existence of the Bayesian fuzzy equilibrium.
Our model is characterized by a private information set, an action (strategy)
fuzzy mapping, a random fuzzy constraint one and a random fuzzy prefer-
ence mapping. The Bayesian fuzzy equilibrium concept is an extension of
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the deterministic equilibrium. We generalize the former deterministic mod-
els introduced by Debreu [8], Shafer and Sonnenschein [25], Yannelis and
Prabhakar [29] or Patriche [24] and search for applications.
Since Fichera and Stampacchia introduced the variational inequalities
(in 1960s), this domain has been extensively studied. For recent results we
refer the reader to [1]-[4], [6],[7], [12], [17], [20]-[22], [26], [28] and the bibli-
ography therein. Noor and Elsanousi [19] introduced the notion of a random
variational inequality. Existence of solutions of the random variational in-
equality and random quasi-variational inequality problems has been proved,
for instance, in [12], [13], [18], [27], [33].
In this paper, we first define the model of the Bayesian abstract fuzzy
economy and we prove a theorem of Bayesian fuzzy equilibrium existence.
Then we apply it in order to prove the existence of solutions for two types
of random quasi-variational inequalities with random fuzzy mappings. We
generalize some results obtained by Yuan in [27]. As a consequence, we
obtain random fixed point theorems.
The paper is oragnized as follows. In the next section, some notational
and terminological conventions are given. We also present, for the reader’s
convenience, some results on Bochner integration. In Section 3, the model of
differential information abstract fuzzy economy is introduced and the main
result is stated. Section 4 contains existence results for solutions of random
quasi-variational inequalities with random fuzzy mappings.
2 NOTATION AND DEFINITION
Throughout this paper, we shall use the following notation:
1. R++ denots the set of strictly positive reals. coD denotes the convex
hull of the set D. coD denotes the closed convex hull of the set D. 2D
denotes the set of all non-empty subsets of the set D. If D ⊂ Y , where Y is
a topological space, clD denotes the closure of D.
For the reader’s convenience, we review a few basic definitions and re-
sults from continuity and measurability of correspondences and Bochner
integrable functions.
Let Z and Y be sets.
Definition 1 The graph of the correspondence P : Z → 2Y is the set GP =
{(z, y) ∈ Z × Y : y ∈ P (z)}.
Let Z, Y be topological spaces and P : Z → 2Y be a correspondence.
1. P is said to be upper semicontinuous if for each z ∈ Z and each open
set V in Y with P (z) ⊂ V , there exists an open neighborhood U of z in Z
such that P (y) ⊂ V for each y ∈ U .
2. P is said to be lower semicontinuous if for each z ∈ Z and each open
set V in Y with P (z)∩ V 6= ∅, there exists an open neighborhood U of z in
Z such that P (y) ∩ V 6= ∅ for each y ∈ U .
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Lemma 1 (see [32]). Let Z and Y be two topological spaces and let D be
an open subset of Z. Suppose P1 : Z → 2Y , P2 : Z → 2Y are upper
semicontinuous correspondences such that P2(z) ⊂ P1(z) for all z ∈ D.
Then the correspondence P : Z → 2Y defined by
P (z ) =
{
P1(z), if z /∈ D,
P2(z), if z ∈ D
is also upper semicontinuous.
Definition 2 Let Y be a metric space and Y ′ be its dual. P : Y → 2Y
′
is
said to be monotone if Re〈u− v, y − x〉 ≥ 0 for all u ∈ P (y) and v ∈ P (x)
and x, y ∈ Y.
Let now (Ω, F , µ) be a complete, finite measure space, and Y be a
topological space.
1. The correspondence P : Ω → 2Y is said to have a measurable graph
if GP ∈ F ⊗ β(Y ), where β(Y ) denotes the Borel σ-algebra on Y and ⊗
denotes the product σ-algebra.
2. The correspondence T : Ω → 2Y is said to be lower measurable if for
every open subset V of Y , the set {ω ∈ Ω : T (ω) ∩ V 6= ∅} is an element of
F .
Recall (see Debreu [9], p. 359) that if T : Ω → 2Y has a measurable
graph, then T is lower measurable. Furthermore, if T (·) is closed valued
and lower measurable then T : Ω → 2Y has a measurable graph.
Lemma 2 (see [15]). Let Pn : Ω → 2Y , n = 1, 2...be a sequence of corre-
spondences with measurable graphs. Then the correspondences ∪nPn, ∩nPn
and Y \ Pn have measurable graphs.
Let (Ω,F , µ) be a measure space and Y be a Banach space.
It is known (see [15], Theorem 2, p.45) that, if x : Ω → Y is a µ-
measurable function, then x is Bochner integrable if only if
∫
Ω
‖x(ω)‖dµ(ω) <
∞.
It is denoted by L1(µ, Y ) the space of equivalence classes of Y -valued
Bochner integrable functions x : Ω → Y normed by ‖ x ‖=
∫
Ω
‖x(ω)‖dµ(ω).
Also it is known (see [9], p.50) that L1(µ, Y ) is a Banach space.
Definition 3 The correspondence P : Ω → 2Y is said to be integrably
bounded if there exists a map h ∈ L1(µ,R) such that sup{‖ x ‖ : x ∈
P (ω)} ≤ h(ω) µ− a.e.
We denote by S1P the set of all selections of the correspondence P : Ω →
2Y that belong to the space L1(µ, Y ), i.e.
S1P = {x ∈ L1(µ, Y ) : x(ω) ∈ P (ω) µ-a.e.}.
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Further, we will see the conditions under which S1P is nonempty and
weakly compact in L1(µ, Y ). Aumann measurable selection theorem (see
Appendix) and Diestel’s Theorem (see Appendix) are necessary.
Let F (Y ) be a collection of all fuzzy sets over Y.
Definition 4 A mapping P : Ω → F (Y ) is called a fuzzy mapping. If P
is a fuzzy mapping from Ω, P (ω) is a fuzzy set on Y and P (ω)(y) is the
membership function of y in P (ω).
Let A ∈ F (Y ), a ∈ [0, 1], then the set (A)a = {y ∈ Y : A(y) ≥ a} is
called an a−cut set of fuzzy set A.
Definition 5 A fuzzy mapping P : Ω → F (Y ) is said to be measurable if for
any given a ∈ [0, 1], (P (·))a : Ω → 2Y is a measurable set-valued mapping.
Definition 6We say that a fuzzy mapping P : Ω → F (Y ) is said to have a
measurable graph if for any given a ∈ [0, 1], the set-valued mapping (P (·))a :
Ω → 2Y has a measurable graph.
Definition 7 A fuzzy mapping P : Ω×X → F (Y ) is called a random fuzzy
mapping if for any given x ∈ X, P (·, x) : Ω → F (Y ) is a measurable fuzzy
mapping.
3 BAYESIAN FUZZY EQUILIBRIUM EXISTENCE FOR
BAYESIAN ABSTRACT FUZZY ECONOMIES
3.1 THE MODEL OF A BAYESIAN ABSTRACT FUZZY ECONOMY
We now define the next model of the Bayesian abstract fuzzy economy which
generalizes the model in [23].
Let (Ω, F, µ) be a complete finite measure space, where Ω denotes the
set of states of nature of the world and the σ−algebra F , denotes the set
of events. Let Y denote the strategy or commodity space, where Y is a
separable Banach space.
Let I be a countable or uncountable set (the set of agents). Let Xi :
Ω → F(Y ) a fuzzy mapping and z ∈ (0, 1].
Let LXi = {xi ∈ S(Xi(·))z : xi is Fi -measurable }. Denote by LX =∏
i∈I
LXi and by LX−i the set
∏
j 6=i
LXj . An element xi of LXi is called a
strategy for agent i. The typical element of LXi is denoted by x˜i and that
of Xi(ω) by xi(ω) (or xi).
Definition 8 A general Bayesian abstract fuzzy economy is a family G =
{(Ω,F, µ), (Xi, Fi, Ai, Pi, ai, bi, zi)i∈I , }, where
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(1) Xi : Ω → F(Y ) is the action (strategy) fuzzy mapping of agent i,
(2) Fi is a sub σ−algebra of F which denotes the private information of
agent i,
(3) for each ω ∈ Ω, Ai(ω,·) : LX → F(Y ) is the random fuzzy constraint
mapping of agent i;
(4) for each ω ∈ Ω, Pi(ω,·) : LX → F(Y ) is the random fuzzy preference
mapping of agent i;
(5) z ∈ (0, 1] is such that for all (ω, x) ∈ Ω × LX , (Ai(ω, x˜))ai(x˜) ⊂
(Xi(ω))z and (Pi(ω, x˜))pi(x˜) ⊂ Xi(ω))z ;
(6) a : S1X → (0, 1] is a random fuzzy constraint function and p : S
1
X →
(0, 1] is a random fuzzy preference function.
Definition 9 A Bayesian fuzzy equilibrium for G is a strategy profile x˜∗ ∈
LX such that for all i ∈ I,
(j) x˜∗i (ω) ∈cl(Ai(ω, x˜
∗))ai(x˜∗) µ− a.e.
(jj) (Ai(ω, x˜
∗))ai(x˜∗) ∩ (Pi(ω, x˜
∗))pi(x˜∗) = ∅ µ− a.e.
Remark 1 Now we assume that for each i ∈ I, Xi is a compact convex
nonempty subset of Y and for each ω ∈ Ω, we set (Xi(ω))z = Xi. Then we
obtain the deterministic classical model of Yannelis-Prabhakar in [29] for
an abstract economy with any set of players.
Remark 2 The interpretation of the preference fuzzy mapping Pi is that yi ∈
(Pi(ω, x˜))pi(x˜) means that at the state ω of the nature, agent i strictly prefers
yi to x˜i(ω) if the given strategy of other agents is fixed. The preference do not
need to be reprezentable by utility functions. However, it will be assumed
that x˜i(ω) /∈ (Pi(ω, x˜))pi(x˜) µ− a.e.
3.2 EXISTENCE OF THE BAYESIAN FUZZY EQUILIBRIUM
This is our first theorem. The constraint and preference correspondences
derived from the constraint and preference fuzzy mappings verify the as-
sumptions of measurable graph and weakly open lower sections. Our results
is a generalization of Theorem 3 in [23].
Theorem 1 Let I be a countable or uncounatble set. Let the family G =
{(Ω,F, µ), (Xi, Fi, Ai, Pi, ai, bi, zi)i∈I , } be a general Bayesian abstract econ-
omy satisfying A.1)-A.4). Then there exists a Bayesian fuzzy equilibrium for
G.
For each i ∈ I :
A.1)
(a) Xi : Ω → F(Y ) is such that ω → Xi(ω)z : Ω → 2Y is
a nonempty, convex, weakly compact-valued and integrably bounded corre-
spondence.
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(b) Xi : Ω → F(Y ) is such that ω → (Xi(ω))z : Ω → 2Y is Fi−lower
measurable;
A.2)
(a) For each (ω, x˜) ∈ Ω × LX , (Ai(ω, x˜))ai(x˜) is convex and has a
non-empty interior in the relative norm topology of (Xi(ω))z .
(b) the correspondence (ω, x˜) → (Ai(ω, x˜))ai(x˜) : Ω × LX → 2
Y
has measurable graph i.e. {(ω, x˜, y) ∈ Ω × LX × Y : y ∈ (Ai(ω, x˜))ai(x˜)} ∈
F⊗ßw(LX)⊗ß(Y ) where ßw(LX) is the Borel σ−algebra for the weak topol-
ogy on LX and ß(Y ) is the Borel σ−algebra for the norm topology on Y .
(c) the correspondence (ω, x˜)→ (Ai(ω, x˜))ai(x˜) has weakly open lower
sections, i.e., for each ω ∈ Ω and for each y ∈ Y, the set ((Ai(ω, x˜)ai(x˜))
−1(ω, y) =
{x˜ ∈ LX : y ∈ (Ai(ω, x˜))ai(x˜)}} is weakly open in LX ;
(d) For each ω ∈ Ω, x˜ →cl(Ai(ω, x˜))ai(x˜) : LX → 2
Y is upper
semicontinuous in the sense that the set {x˜ ∈ LX :cl(Ai(ω, x˜))ai(x˜) ⊂ V is
weakly open in LX for every norm open subset V of Y .
A.3)
(a) the correspondence (ω, x˜) → (Pi(ω, x˜))pi(x˜) : Ω × LX → 2
Y has
nonempty open convex values such that (Pi(ω, x˜))pi(x˜) ⊂ (X(ω))z for each
(ω, x˜) ∈ Ω × LX .
(b) the correspondence (ω, x˜) → (Pi(ω, x˜))pi(x˜) : Ω × LX → 2
Y has
measurable graph
(c) the correspondence (ω, x˜) → (Pi(ω, x˜))pi(x˜) : Ω × LX → 2
Y has
weakly open lower sections, i.e., for each ω ∈ Ω and for each y ∈ Y, the set
((Pi(ω, x˜))pi(x˜))
−1(ω, y) = {x˜ ∈ LX : y ∈ (Pi(ω, x˜))pi(x˜))} is weakly open in
LX ;
A.4)
(a) For each x˜i ∈ LXi , for each ω ∈ Ω, x˜i(ω) /∈ (Ai(ω, x˜))ai(x˜) ∩
(Pi(ω, x˜))pi(x˜).
Proof. For each i ∈ I, define Φi : Ω×LX → 2Y by Φi(ω, x˜) = Ai(ω, x˜))ai(x˜)∩
Pi(ω, x˜))pi(x˜). We prove first that LX is a non-empty, convex, weakly com-
pact subset in L1(µ, Y ).
Since (Ω, F, µ) is a complete finite measure space, Y is a separable
Banach space and Xi : Ω → 2Y has measurable graph, by Aumann’s selec-
tion theorem (see Appendex) it follows that there exists a Fi-measurable
function fi : Ω → Y such that fi(ω) ∈ Xi(ω) µ − a.e. Since Xi is in-
tegrably bounded, we have that fi ∈ L1(µ, Y ), hence LXi is non-empty
and LX =
∏
i∈I
LXi is non-empty. Obviously LXi is convex and LX is also
convex. Since Xi : Ω → 2Y is integrably bounded and has convex weakly
compact values, by Diestel’s Theorem (see Appendex) it follows that LXi
is a weakly compact subset of L1(µ, Y ). More over, LX is weakly compact.
L1(µ, Y ) equipped with the weak topology is a locally convex topological
vector space.
The correspondence Φi is convex valued, by Lemma 2 it has a measurable
graph and for each ω ∈ Ω, Φi(ω,·) has weakly open lower sections. Let
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Ui = {(ω, x˜) ∈ Ω×LX : Φi(ω, x˜) 6= ∅}. For each x˜ ∈ LX , let U x˜i = {ω ∈ Ω :
Φi(ω, x˜) 6= ∅} and for each ω ∈ Ω, let Uωi = {x˜ ∈ LX : Φi(ω, x˜) 6= ∅}. The
values of Φi/Ui have non-empty interiors in the relative norm topology of
Xi(ω). By the Caratheodory-type selection theorem (see Appendix), there
exists a function fi : Ui → Y such that fi(ω, x˜) ∈ Φi(ω, x˜) for all (ω, x˜) ∈ Ui
, for each x˜ ∈ LX , fi(·, x˜) is measurable on U x˜i , for each ω ∈ Ω, fi(ω,·) is
continuous on Uωi and moreover fi(·,·) is jointly measurable.
DefineGi : Ω×LX → 2Y byGi(ω, x˜) =
{
{fi(ω, x˜)} if (ω, x˜) ∈ Ui
cl(Ai(ω, x˜))ai(x˜) if (ω, x˜) /∈ Ui.
Define G
′
i : LX → 2
LXi , by G
′
i(x˜) = {yi ∈ LXi : yi(ω) ∈ Gi(ω, x˜)
µ − a.e.} and G
′
: LX → 2LX by G
′
(x˜) :=
∏
i∈I
G
′
i(x˜) for each x˜ ∈ LX . We
shall prove that G
′
is an upper semicontinuous correspondence with respect
to the weakly topology of LX and has non-empty convex closed values. By
applying Fan-Glicksberg’s fixed-point theorem [11] to G
′
, we obtain a fixed
point which is the equilibrium point for the abstract economy.
It follows by Theorem III.40 in [5] and the projection theorem that
for each x˜ ∈ LX , the correspondence x˜ →clAi(·, x˜))ai(x˜) : Ω → 2
Y has
a measurable graph. For each x˜ ∈ LX , the correspondence Gi(·, x˜) has a
measurable graph. Since Φi(ω,·) has weakly open lower sections for each
ω ∈ Ω, it follows that Uωi is weakly open in LX . By Lemma 1, for each
ω ∈ Ω, Gi(ω,·) : LX → 2Y is upper semi-continuous in the sense that the
set {x˜ ∈ LX : Gi(ω, x˜)} ⊂ V is weakly open in LX for every norm open
subset V of Y . Moreover, Gi is convex and non-empty valued.
Gi is nonempty valued and for each x˜ ∈ LX , Gi(·, x˜) has measurable
graph. Hence, by the Aumann measurable selection theorem for each fixed
x˜ ∈ LX , there exists an Fi−measurable function yi : Ω → Y such that
yi(ω) ∈ Gi(ω, x˜) µ−a.e. Since for each (ω, x˜) ∈ Ω×LX , Gi(ω, x˜) is contained
in the integrably bounded correspondence Xi(·), then yi ∈ LXi and we
conclude that yi ∈ G
′
i(x˜) for each x˜ ∈ LX . Thus, G
′
i is non-empty valued.
Since for each x˜ ∈ LX ,Gi(·, x˜) has measurable graph and for each ω ∈ Ω,
Gi(ω,·) : LX → 2Y is upper semicontinuous and Gi(ω, x˜) ⊂ Xi(ω) for each
(ω, x˜) ∈ Ω ×LX , by u. s. c. Lifting Theorem (see Appendix) it follows that
G
′
i is weakly upper semicontinuous. G
′
i is convex valued since Gi is so.
G
′
is an weakly upper semicontinuous correspondence and has also non-
empty convex closed values.
The set LX is weakly compact and convex, and then, by Fan-Glicksberg’s
fixed-point theorem in [11], there exists x˜∗ ∈ LX such that x˜∗ ∈ G
′
(x˜∗),
i.e., for each i ∈ I, x˜∗i ∈ G
′
i(x˜
∗).
Then, x˜∗i ∈ LXi and x˜
∗
i (ω) ∈ Gi(ω, x˜
∗) µ−a.e. Since x˜∗i (ω) /∈ (Ai(ω, x˜
∗))ai(x˜∗)∩
(Pi(ω, x˜
∗))pi(x˜∗) µ − a.e, it follows that (ω, x˜
∗) /∈ Ui for each i ∈ I and
x˜∗i ∈cl(Ai(ω, x˜
∗))ai(x˜∗) µ−a.e. We have also that (Ai(ω, x˜
∗))ai(x˜∗)∩(Pi(ω, x˜
∗))pi(x˜∗) =
∅.
Theorem 2 Let I be a countable or uncounatble set. Let the family G =
{(Ω,F, µ), (Xi, Fi, Ai, Pi, ai, bi, zi)i∈I , } be a general Bayesian abstract econ-
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omy satisfying A.1)-A.4). Then there exists a Bayesian fuzzy equilibrium for
G.
For each i ∈ I :
A.1)
(a) Xi : Ω → F(Y ) is such that ω → (Xi(ω))zi : Ω → 2
Y is
a nonempty, convex, weakly compact-valued and integrably bounded corre-
spondence;
(b) Xi : Ω → F(Y ) is such that ω → (Xi(ω))zi : Ω → 2
Y is
Fi−lower measurable;
A.2)
(a) For each (ω, x˜) ∈ Ω × LX , (Ai(ω, x˜))ai(x˜) is nonempty convex
and compact .
(b) For each x˜ ∈ LX , the correspondence ω → (Ai(ω, x˜))ai(x˜) : Ω →
2Y has measurable graph;
(c) For each ω ∈ Ω, x˜ → (Ai(ω, x˜))ai(x˜) : LX → 2
Y is upper
semicontinuous in the sense that the set {x˜ ∈ LX :(Ai(ω, x˜))ai(x˜)} ⊂ V is
weakly open in LX for every norm open subset V of Y ;
A.3)
(a) For each (ω, x˜) ∈ Ω×LX , the correspondence ω → (Pi(ω, x˜))pi(x˜) :
Ω×LX → 2Y has nonempty convex compact values such that (Pi(ω, x˜))pi(x˜) ⊂
(X(ω))zi for each (ω, x˜) ∈ Ω × LX ;
(b) For each x˜ ∈ LX , the correspondence ω → (Pi(ω, x˜))pi(x˜) :
Ω × LX → 2Y has a measurable graph;
(c) For each ω ∈ Ω, x˜ → (Pi(ω, x˜))pi(x˜) : LX → 2
Y is upper semicon-
tinuous ;
A.4)
(a) For each x˜ ∈ LX , for each ω ∈ Ω, x˜i(ω) /∈ (Ai(ω, x˜))ai(x˜) ∩
(Pi(ω, x˜))pi(x˜);
(b) For each ω ∈ Ω, the set Uωi = {x˜ ∈ LX : (Ai(ω, x˜))ai(x˜) ∩
(Pi(ω, x˜))pi(x˜) 6= ∅} is weakly open in LX .
Proof. For each i ∈ I, define Φi : Ω×LX → 2Y by Φi(ω, x˜) = (Ai(ω, x˜))ai(x˜)∩
(Pi(ω, x˜))pi(x˜).
We prove first that LX is a non-empty, convex, weakly compact subset
in L1(µ, Y ).
Since (Ω, F, µ) is a complete finite measure space, Y is a separable Ba-
nach space and (Xi(·))zi : Ω → 2
Y has measurable graph, by Aumann’s se-
lection theorem (see Appendex) it follows that there exists a Fi-measurable
function fi : Ω → Y such that fi(ω) ∈ Xi(ω) µ − a.e. Since (Xi(·))zi is
integrably bounded, we have that fi ∈ L1(µ, Y ), hence LXi is non-empty
and LX =
∏
i∈I
LXi is non-empty. Obviously LXi is convex and LX is also
convex. Since Xi : Ω → 2Y is integrably bounded and has convex weakly
compact values, by Diestel’s Theorem (see Appendex) it follows that LXi
is a weakly compact subset of L1(µ, Y ). More over, LX is weakly compact.
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L1(µ, Y ) equipped with the weak topology is a locally convex topological
vector space.
Define Gi : Ω×LX → 2Y by Gi(ω, x˜) =
{
Φi(ω, x˜) if (ω, x˜) ∈ Ui;
(Ai(ω, x˜))ai(x˜) if (ω, x˜) /∈ Ui.
For each x˜ ∈ LX , the correspondence ω → (Ai(ω, x˜))ai(x˜) : Ω → 2
Y has
a measurable graph. Hence for each x˜ ∈ LX , the correspondence Gi(·, x˜)
has a measurable graph. By the assumption A4) (b), we have that Uωi is
weakly open in LX . By Lemma 1, for each ω ∈ Ω, Gi(ω,·) : LX → 2Y is
upper semi-continuous. Moreover, Gi is non-empty convex compact valued.
Define G
′
i : LX → 2
LXi , by G
′
i(x˜) = {yi ∈ LXi : yi(ω) ∈ Gi(ω, x˜)
µ− a.e.} and G
′
: LX → 2LX by G
′
(x˜) :=
∏
i∈I
G
′
i(x˜) for each x ∈ LX .
Since for each x˜ ∈ LX , Gi(·, x˜) has a measurable graph and for each ω ∈
Ω, Gi(ω,·) : LX → 2Y is upper semicontinuous and Gi(ω, x˜) ⊂ (Xi(ω))zi
for each (ω, x˜) ∈ Ω × LX , by u. s. c. Lifting Theorem (see Appendix) it
follows that G
′
i is weakly upper semicontinuous. G
′
i is convex valued since
Gi is so.
G
′
is an weakly upper semicontinuous correspondence and has also non-
empty convex closed values.
The set LX is weakly compact and convex, and then, by Fan-Glicksberg’s
fixed-point theorem (1952), there exists x˜∗ ∈ LX such that x˜∗ ∈ G
′
(x∗),
i.e., for each i ∈ I, x˜∗i ∈ G
′
i(x˜
∗).
Then, x˜∗i ∈ LXi and x˜
∗
i (ω) ∈ Gi(ω, x˜
∗) µ−a.e. Since x˜∗i (ω) /∈ Ai(ω, x˜
∗)∩
Pi(ω, x˜
∗) µ−a.e, it follows that (ω, x˜∗) /∈ Ui for each i ∈ I and x˜
∗
i ∈clAi(x˜
∗)
µ− a.e. We have also that Ai(ω, x˜∗) ∩ Pi(ω, x˜∗) = ∅.
4 RANDOM QUASI-VARIATIONAL INEQUALITIES
In this section, we are establishing new random quasi variational inequalities
with random fuzzy mappings and random fixed point theorems. The proofs
rely on the theorem of Bayesian fuzzy equilibrium existence for the Bayesian
abstract fuzzy economy.
This is our first theorem.
Theorem 3 Let I be a countable or uncounatble set. Let (Ω, F, µ) be a
complete finite separable measure space and let Y be a separable Banach
space. Suppose that the following conditions are satisfied:
For each i ∈ I :
A.1)
(a) Xi : Ω → F(Y ) is such that ω → Xi(ω)z : Ω → 2Y is
a nonempty, convex, weakly compact-valued and integrably bounded corre-
spondence.
(b) Xi : Ω → F(Y ) is such that ω → (Xi(ω))z : Ω → 2Y is Fi−lower
measurable;
A.2)
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(a) For each (ω, x˜) ∈ Ω × LX , (Ai(ω, x˜))ai(x˜) is convex and has a
non-empty interior in the relative norm topology of (Xi(ω))z .
(b) the correspondence (ω, x˜) → (Ai(ω, x˜))ai(x˜) : Ω × LX → 2
Y
has measurable graph i.e. {(ω, x˜, y) ∈ Ω × LX × Y : y ∈ (Ai(ω, x˜))ai(x˜)} ∈
F⊗ßw(LX)⊗ß(Y ) where ßw(LX) is the Borel σ−algebra for the weak topol-
ogy on LX and ß(Y ) is the Borel σ−algebra for the norm topology on Y .
(c) the correspondence (ω, x˜)→ (Ai(ω, x˜))ai(x˜) has weakly open lower
sections, i.e., for each ω ∈ Ω and for each y ∈ Y, the set ((Ai(ω, x˜)ai(x˜))
−1(ω, y) =
{x˜ ∈ LX : y ∈ (Ai(ω, x˜))ai(x˜)}} is weakly open in LX ;
(d) For each ω ∈ Ω, x˜ →cl(Ai(ω, x˜))ai(x˜) : LX → 2
Y is upper
semicontinuous in the sense that the set {x˜ ∈ LX :cl(Ai(ω, x˜))ai(x˜) ⊂ V } is
weakly open in LX for every norm open subset V of Y .
A.3)
ψi : Ω × LX × Y → R ∪ {−∞,+∞} is such that:
(a) x˜ → ψi(ω, x˜, y) is lower semicontinuous on LX for each fixed
(ω, y) ∈ Ω × Y ;
(b) x˜(ω) /∈cl{y ∈ Y : ψi(ω, x˜, y) > 0} for each fixed (ω, x˜) ∈ Ω × LX ;
(c) for each (ω, x˜) ∈ Ω × LX , ψi(ω, x˜, ·) is concave;
(d) for each ω ∈ Ω, {x˜ ∈ LX : αi(ω, x˜) > 0} is weakly open in LX ,
where αi : Ω×LX → R is defined by αi(ω, x˜) = supy∈(Ai(ω,x˜))ai(x˜)
ψi(ω, x˜, y)
for each (ω, x˜) ∈ Ω × LX ;
(e) {(ω, x˜) : αi(ω, x˜) > 0} ∈ Fi ⊗B(LX).
Then, there exists x˜∗ ∈ LX such that for every i ∈ I,
i) x˜i
∗(ω) ∈cl(Ai(ω, x˜∗))ai(x˜∗);
ii) supy∈(Ai(ω,x˜∗))ai(x˜∗)ψi(ω, x˜
∗, y) ≤ 0.
Proof. For every i ∈ I, let Pi : Ω×S
1
X → F(Y ) and pi : S
1
X → (0, 1] such
that (Pi(ω, x˜))pi(x˜) = {y ∈ Y : ψi(ω, x˜, y) > 0} for each (ω, x˜) ∈ Ω × LX .
We shall show that the abstract economyG = {(Ω,F, µ), (Xi, Fi, Ai, Piai, pi, zz)i∈I , }
satisfies all hypotheses of Theorem 1.
Suppose ω ∈ Ω.
According to A3 a), we have that x˜ → (Pi(ω, x˜))pi(x˜) : Ω → 2
Y has
open lower sections with nonempty compact values and according to A3
b), x˜i(ω) 6∈ (Pi(ω, x˜))pi(x˜) for each x˜ ∈ LX . Assumption A3 c) implies that
x˜→ (Pi(ω, x˜))pi(x˜) : Ω → 2
Y has convex values.
By the definition of αi, we note that {x˜ ∈ LX : (Ai(ω, x˜))ai(x˜)∩(Pi(ω, x˜))pi(x˜) 6=
∅} == {x˜ ∈ LX : αi(ω, x˜) > 0} so that {x˜ ∈ LX : (Ai(ω, x˜))ai(x˜) ∩
(Pi(ω, x˜))pi(x˜) 6= ∅} is weakly open in LX by A3 c).
According to A2 b) and A3 e), it follows that the correspondences
(ω, x˜) → (Ai(ω, x˜))ai(x˜) : Ω × LX → 2
Y and (ω, x˜) → (Pi(ω, x˜))pi(x˜) :
Ω × LX → 2Y have measurable graphs.
Thus the Bayesian abstract fuzzy economyG = {(Ω,F, µ), (Xi, Fi, Ai, Pi, ai, bi, zi)i∈I , }
satisfies all hypotheses of Theorem 1. Therefore, there exists x˜∗ ∈ LX such
that for every i ∈ I :
x˜∗i (ω) ∈cl(Ai(ω, x˜
∗))ai(x˜∗) µ− a.e and
(Ai(ω, x˜
∗))ai(x˜∗) ∩ (Pi(ω, x˜
∗))pi(x˜∗) = φ µ− a.e;
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that is, there exists x˜∗ ∈ LX such that for every i ∈ I :
i) x˜i
∗(ω) ∈cl(Ai(ω, x˜∗))ai(x˜∗);
ii) supy∈(Ai(ω,x˜∗))ai(x˜∗)ψi(ω, x˜
∗, y) ≤ 0.
If |I|=1, we obtain the following corollary.
Corollary 1 Let (Ω, F, µ) be a complete finite separable measure space and
let Y be a separable Banach space. Suppose that the following conditions are
satisfied:
A.1)
(a) X : Ω → F(Y ) is such that ω → (X(ω))z : Ω → 2Y is
a nonempty, convex, weakly compact-valued and integrably bounded corre-
spondence.
(b) X : Ω → F(Y ) is such that ω → (X(ω))z : Ω → 2Y is F−lower
measurable;
A.2)
(a) For each (ω, x˜) ∈ Ω × LX , (A(ω, x˜))a(x˜) is convex and has a
non-empty interior in the relative norm topology of (X(ω))z .
(b) the correspondence (ω, x˜) → (A(ω, x˜))ai(x˜) : Ω × LX → 2
Y
has measurable graph i.e. {(ω, x˜, y) ∈ Ω × LX × Y : y ∈ (A(ω, x˜))a(x˜)} ∈
F⊗ßw(LX)⊗ß(Y ) where ßw(LX) is the Borel σ−algebra for the weak topol-
ogy on LX and ß(Y ) is the Borel σ−algebra for the norm topology on Y .
(c) the correspondence (ω, x˜)→ (A(ω, x˜))a(x˜) has weakly open lower
sections, i.e., for each ω ∈ Ω and for each y ∈ Y, the set ((A(ω, x˜)a(x˜))
−1(ω, y) =
{x˜ ∈ LX : y ∈ (A(ω, x˜))a(x˜)}} is weakly open in LX ;
(d) For each ω ∈ Ω, x˜ →cl(A(ω, x˜))a(x˜) : LX → 2
Y is upper
semicontinuous in the sense that the set {x˜ ∈ LX :cl(A(ω, x˜))a(x˜) ⊂ V } is
weakly open in LX for every norm open subset V of Y .
A.3)
ψi : Ω × LX × Y → R ∪ {−∞,+∞} is such that:
(a) x˜ → ψ(ω, x˜, y) is lower semicontinuous on LX for each fixed
(ω, y) ∈ Ω × Y ;
(b) x˜(ω) /∈cl{y ∈ Y : ψ(ω, x˜, y) > 0} for each fixed (ω, x˜) ∈ Ω × LX ;
(c) for each (ω, x˜) ∈ Ω × LX , ψ(ω, x˜, ·) is concave;
(d) for each ω ∈ Ω, {x˜ ∈ LX : α(ω, x˜) > 0} is weakly open in LX ,
where α : Ω × LX → R is defined by α(ω, x˜) = supy∈(A(ω,x˜))a(x˜) ψ(ω, x˜, y)
for each (ω, x˜) ∈ Ω × LX ;
(e) {(ω, x˜) : α(ω, x˜) > 0} ∈ F ⊗B(LX).
Then, there exists x˜∗ ∈ LX such that :
i) x˜∗(ω) ∈cl(A(ω, x˜∗))a(x˜∗);
ii) supy∈(A(ω,x˜∗))a(x˜∗)ψ(ω, x˜
∗, y) ≤ 0.
As a consequence of Theorem 2, we prove the following random gener-
alized quasi-variational inequality with random fuzzy mappings. This the-
orem is comparable with Theorem 4.1 in [27], which is valid in a non-fuzzy
framework and concerns upper-semicontinuos correspondences defined on
metrizable spaces.
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Theorem 4 Let (Ω, F, µ) be a complete finite separable measure space and
let Y be a separable Banach space. Suppose that the following conditions are
satisfied:
For each i ∈ I :
A.1)
(a) Xi : Ω → F(Y ) is such that ω → (Xi(ω))z : Ω → 2Y is
a nonempty, convex, weakly compact-valued and integrably bounded corre-
spondence.
(b) Xi : Ω → F(Y ) is such that ω → (Xi(ω))z : Ω → 2Y is Fi−lower
measurable;
A.2)
(a) For each (ω, x˜) ∈ Ω × LX , (Ai(ω, x˜))ai(x˜) is convex and has a
non-empty interior in the relative norm topology of (Xi(ω))z .
(b) the correspondence (ω, x˜) → (Ai(ω, x˜))ai(x˜) : Ω × LX → 2
Y
has measurable graph i.e. {(ω, x˜, y) ∈ Ω × LX × Y : y ∈ (Ai(ω, x˜))ai(x˜)} ∈
F⊗ßw(LX)⊗ß(Y ) where ßw(LX) is the Borel σ−algebra for the weak topol-
ogy on LX and ß(Y ) is the Borel σ−algebra for the norm topology on Y .
(c) the correspondence (ω, x˜)→ (Ai(ω, x˜))ai(x˜) has weakly open lower
sections, i.e., for each ω ∈ Ω and for each y ∈ Y, the set ((Ai(ω, x˜)ai(x˜))
−1(ω, y) =
{x˜ ∈ LX : y ∈ (Ai(ω, x˜))ai(x˜)}} is weakly open in LX ;
(d) For each ω ∈ Ω, x˜ →cl(Ai(ω, x˜))ai(x˜) : LX → 2
Y is upper
semicontinuous in the sense that the set {x˜ ∈ LX :cl(Ai(ω, x˜))ai(x˜) ⊂ V } is
weakly open in LX for every norm open subset V of Y ;
A.3)
Gi : Ω × Y → F(Y ′) and gi : Y → (0, 1] are such that:
(a) for each ω ∈ Ω, y → (Gi(ω, y))gi(y) : Y → 2
Y ′ is monotone with
non-empty values ;
(b) for each ω ∈ Ω, y → (Gi(ω, y))gi(y) : L ∩ Y → 2
Y ′ is lower
semicontinuous from the relative topology of Y into the weak∗−topology
σ(Y ′, Y ) of Y ′ for each one-dimensional flat L ⊂ Y ;
A.4)
(a) fi : Ω×LX×Y → R∪{∞,−∞} is such that x˜→ fi(ω, x˜, y) is lower
semicontinuous on LX for each fixed (ω, y) ∈ Ω × Y, fi(ω, x˜, x˜(t, ω)) = 0
for each (ω, x˜) ∈ Ω×LX and y → fi(ω, x˜, y) is concave on Y for each fixed
(ω, x˜) ∈ Ω × LX;
(b) for each fixed ω ∈ Ω, the set
{x˜ ∈ S1X : supy∈(Ai(ω,x˜))ai(x˜))
[supu∈(Gi(ω,y))gi(y)
Re〈u, x˜−y〉+fi(ω, x˜, y)] >
0} is weakly open in LX
(c) {(ω, x˜) : supu∈(Gi(ω,y))gi(y)
Re〈u, x˜ − y〉 + fi(ω, x˜, y) > 0} ∈ F ⊗
B(LX).
Then, there exists x˜∗ ∈ LX such that for every i ∈ I:
i) x˜i
∗(ω) ∈cl(Ai(ω, x˜∗))ai(x˜∗);
ii) supu∈(Gi(ω,x˜∗(ω)))gi(x˜∗(ω))Re〈u, x˜
∗(ω) − y〉 + fi(ω, x˜, y)] ≤ 0 for all
y ∈ (Ai(ω, x˜∗))ai(x˜∗))).
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Proof. Let us define ψi : Ω × LX × Y → R ∪ {−∞,+∞} by
ψi(ω, x˜, y) = supu∈(Gi(ω,y))gi(y)
Re〈u, x˜−y〉+fi(t, ω, x˜, y) for each (ω, x˜, y) ∈
Ω × LX × Y.
According to assumption A4 a), x˜ → fi(t, ω, x˜, y) is lower semicontinu-
ous on LX for each fixed (ω, y) ∈ Ω × Y and fi(ω, x˜, x˜(t, ω)) = 0 for each
(ω, x˜) ∈ Ω×LX implies that x˜(ω) /∈ {y ∈ Y : ψi(ω, x˜, y) > 0} for each fixed
(ω, x˜) ∈ Ω × LX .
We also have that for each (ω, x˜) ∈ Ω × LX , ψi(ω, x˜, ·) is concave. This
fact is a consequence of assumption A3 b).
All hypotheses of Theorem 2 are satisfied. According to Theorem 2, there
exists x˜∗ ∈ LX such that x˜i
∗(ω) ∈cl(Ai(ω, x˜∗))ai(x˜∗) for every i ∈ I
and
(1) supy∈Ai(ω,x˜∗))ai(x˜∗) supu∈(Gi(ω,y))gi(y)
[Re〈u, x˜∗(ω)−y〉+fi(ω, x˜∗, y)] ≤
0 for every i ∈ I.
Finally, we will prove that
supy∈Ai(ω,x˜∗))ai(x˜∗) supu∈Gi(ω,x˜∗(ω))gi(x˜∗(ω))
[Re〈u, x˜∗(ω)−y〉+fi(ω, x˜∗, y)] ≤
0 for every i ∈ I.
In order to do that, let us consider i ∈ I and the fixed point ω ∈ Ω.
Let y ∈ (Ai(ω, x˜
∗))ai(x˜∗), λ ∈ [0, 1] and z
i
λ(ω) := λy + (1 − λ)x˜i
∗(ω).
According to assumption A2 b), ziλ(ω) ∈ Ai(ω, x˜
∗).
According to (1), we have supu∈(Gi(ω,ziλ(ω)))gi(ziλ(ω))
[Re〈u, x˜∗(ω)−zλ(ω)〉+
fi(ω, x˜
∗, zλ(ω))] ≤ 0 for each λ ∈ [0, 1].
According to assumption A4 a), fi(ω, x˜
∗, x˜∗(t, ω)) = 0. For each y1, y2 ∈
Y and for each λ ∈ [0, 1], we also have that fi(ω, x˜∗, λy1 + (1 − λ)y2) ≥
λfi(ω, x˜
∗, y1) + (1− λ)fi(ω, x˜∗, y2).
Therefore, for each λ ∈ [0, 1], we have that
t{supu∈(Gi(ω,ziλ(ω)))gi(ziλ(ω))
[Re〈u, x˜∗(ω)− y〉+ fi(ω, x˜∗, y)]} ≤
supu∈Fi(ω,(Gi(ω,ziλ(ω)))gi(ziλ(ω))
) t[Re〈u, x˜
∗(ωi)−y)〉+fi(ω, x˜∗, ziλ(t, ω))] =
supu∈(Gi(ω,ziλ(ω)))gi(ziλ(ω))
)[Re〈u, x˜
∗(ω)− ziλ(ω)〉+ fi(ω, x˜
∗, ziλ(ω))] ≤ 0.
It follows that for each λ ∈ [0, 1],
(2) supu∈(Gi(ω,ziλ(ω)))gi(ziλ(ω))
[Re〈u, x˜∗(ω)− y〉+ fi(ω, x˜∗, y)] ≤ 0.
Now, we are using the lower semicontinuity of y → (Gi(ω, y))gi(y) : L ∩
Y → 2Y
′
in order to show the conclusion. For each z0 ∈ (Gi(ω, x˜∗(ω)))gi(x˜∗(ω))
and e > 0 let us consider U iz0 , the neighborhood of z0 in the topology
σ(Y ′, Y ), defined by U iz0 := {z ∈ Y
′ : |Re〈z0 − z, x˜
∗(ω) − y〉| < e}.
As y → (Gi(ω, y))gi(y) : L ∩ Y → 2
Y ′ is lower semicontinuous, where
L = {zλ(ω) : λ ∈ [0, 1]} and U
i
z0 ∩ (Gi(ω, x˜
∗(ω)))gi(x˜∗(ω)) 6= ∅, there ex-
ists a non-empty neighborhood N(x˜∗(ω)) of x˜∗(ω) in L such that for each
z ∈ N(x˜∗(ω)), we have that U iz0 ∩ (Gi(ω, z))gi(z) 6= ∅. Then there exists
δ ∈ (0, 1], t ∈ (0, δ) and u ∈ (Gi(ω, ziλ(ω)))gi(ziλ(ω)) ∩ U
i
z0 6= ∅ such that
Re〈z0−u, x˜∗(ω)−y〉 < e. Therefore,Re〈z0, x˜∗(ω)−y〉 < Re〈ui, x˜∗(ω)−y〉+e.
It follows that
Re〈z0, x˜∗(ω)− y〉+ f(ω, x˜∗, y) < Re〈u, x˜∗(ω)− y〉+ f(ω, x˜∗, y) + e < e.
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The last inequality comes from (2). Since e > 0 and z0 ∈ (Gi(ω, x˜∗(ω)))gi(x˜∗(ω))
have been chosen arbitrarily, the next relation holds:
Re〈z0, x˜∗(ω)− y〉+ fi(ω, x˜∗, y) < 0.
Hence, for ecah i ∈ I, we have that supu∈(Gi(ω,x˜∗(ω)))gi(x˜∗(ω))
[Re〈z0, x˜
∗(ω)−
y〉+ fi(ω, x˜∗, y)] ≤ 0 for every y ∈cl(Ai(ω, x˜∗))ai(x˜∗).
If |I|=1, we obtain the following corollary.
Corollary 2 Let (Ω, F, µ) be a complete finite separable measure space and
let Y be a separable Banach space. Suppose that the following conditions are
satisfied:
A.1)
(a) X : Ω → F(Y ) is such that ω → (X(ω)z : Ω → 2Y is
a nonempty, convex, weakly compact-valued and integrably bounded corre-
spondence.
(b) X : Ω → F(Y ) is such that ω → (X(ω))z : Ω → 2Y is F−lower
measurable;
A.2)
(a) For each (ω, x˜) ∈ Ω × LX , (A(ω, x˜))a(x˜) is convex and has a
non-empty interior in the relative norm topology of (X(ω))z .
(b) the correspondence (ω, x˜) → (A(ω, x˜))a(x˜) : Ω × LX → 2
Y
has measurable graph i.e. {(ω, x˜, y) ∈ Ω × LX × Y : y ∈ (A(ω, x˜))a(x˜)} ∈
F⊗ßw(LX)⊗ß(Y ) where ßw(LX) is the Borel σ−algebra for the weak topol-
ogy on LX and ß(Y ) is the Borel σ−algebra for the norm topology on Y .
(c) the correspondence (ω, x˜)→ (A(ω, x˜))a(x˜) has weakly open lower
sections, i.e., for each ω ∈ Ω and for each y ∈ Y, the set ((A(ω, x˜)a(x˜))
−1(ω, y) =
{x˜ ∈ LX : y ∈ (A(ω, x˜))a(x˜)}} is weakly open in LX ;
(d) For each ω ∈ Ω, x˜ →cl(A(ω, x˜))a(x˜) : LX → 2
Y is upper
semicontinuous in the sense that the set {x˜ ∈ LX :cl(A(ω, x˜))a(x˜) ⊂ V is
weakly open in LX for every norm open subset V of Y ;
A.3)
G : Ω × Y → F(Y ′) and g : Y → (0, 1] are such that:
(a) for each ω ∈ Ω, y → (G(ω, y))g(y) : Y → 2
Y ′ is monotone with
non-empty values ;
(b) for each ω ∈ Ω, y → (G(ω, y))g(y) : L ∩ Y → 2
Y ′ is lower
semicontinuous from the relative topology of Y into the weak∗−topology
σ(Y ′, Y ) of Y ′ for each one-dimensional flat L ⊂ Y ;
A.4)
(a) f : Ω×LX×Y → R∪{∞,−∞} is such that x˜→ f(ω, x˜, y) is lower
semicontinuous on LX for each fixed (ω, y) ∈ Ω × Y, f(ω, x˜, x˜(t, ω)) = 0
for each (ω, x˜) ∈ Ω×LX and y → f(ω, x˜, y) is concave on Y for each fixed
(ω, x˜) ∈ Ω × LX;
(b) for each fixed ω ∈ Ω, the set
{x˜ ∈ S1X : supy∈(A(ω,x˜))a(x˜))[supu∈(G(ω,y))g(y)Re〈u, x˜− y〉+ f(ω, x˜, y)] >
0} is weakly open in LX
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(c) {(ω, x˜) : supu∈(G(ω,y))g(y) Re〈u, x˜ − y〉 + fi(ω, x˜, y) > 0} ∈ F ⊗
B(LX).
Then, there exists x˜∗ ∈ LX such that :
i) x˜∗(ω) ∈cl(A(ω, x˜∗))a(x˜∗);
ii) supu∈(G(ω,x˜∗(ω)))g(x˜∗(ω))Re〈u, x˜
∗(ω) − y〉 + f(ω, x˜, y)] ≤ 0 for all y ∈
(A(ω, x˜∗))a(x˜∗))).
We obtain the following random fixed point theorem as a particular case
of Theorem 3.
Theorem 5 Let (Ω, F, µ) be a complete finite separable measure space and
let Y be a separable Banach space. Suppose that the following conditions are
satisfied:
For each i ∈ I :
A.1)
(a) Xi : Ω → F(Y ) is such that ω → (Xi(ω))z : Ω → 2Y is
a nonempty, convex, weakly compact-valued and integrably bounded corre-
spondence.
(b) Xi : Ω → F(Y ) is such that ω → (Xi(ω))z : Ω → 2Y is Fi−lower
measurable;
A.2)
(a) For each (ω, x˜) ∈ Ω × LX , (Ai(ω, x˜))ai(x˜) is convex and has a
non-empty interior in the relative norm topology of (Xi(ω))z .
(b) the correspondence (ω, x˜) → (Ai(ω, x˜))ai(x˜) : Ω × LX → 2
Y
has measurable graph i.e. {(ω, x˜, y) ∈ Ω × LX × Y : y ∈ (Ai(ω, x˜))ai(x˜)} ∈
F⊗ßw(LX)⊗ß(Y ) where ßw(LX) is the Borel σ−algebra for the weak topol-
ogy on LX and ß(Y ) is the Borel σ−algebra for the norm topology on Y .
(c) the correspondence (ω, x˜)→ (Ai(ω, x˜))ai(x˜) has weakly open lower
sections, i.e., for each ω ∈ Ω and for each y ∈ Y, the set ((Ai(ω, x˜)ai(x˜))
−1(ω, y) =
{x˜ ∈ LX : y ∈ (Ai(ω, x˜))ai(x˜)}} is weakly open in LX ;
(d) For each ω ∈ Ω, x˜ →cl(Ai(ω, x˜))ai(x˜) : LX → 2
Y is upper
semicontinuous in the sense that the set {x˜ ∈ LX :cl(Ai(ω, x˜))ai(x˜) ⊂ V } is
weakly open in LX for every norm open subset V of Y ;
Then, there exists x˜∗ ∈ LX such that for every i ∈ I, x˜i
∗(ω) ∈cl(Ai(ω, x˜∗))ai(x˜∗).
If |I|=1, we obtain the following result.
Theorem 6 Let (Ω, F, µ) be a complete finite separable measure space and
let Y be a separable Banach space. Suppose that the following conditions are
satisfied:
(a) X : Ω → F(Y ) is such that ω → (X(ω))z : Ω → 2
Y is a nonempty,
convex, weakly compact-valued and integrably bounded correspondence.
(b) X : Ω → F(Y ) is such that ω → (X(ω))z : Ω → 2
Y is F−lower
measurable;
A.2)
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(a) For each (ω, x˜) ∈ Ω × LX , (A(ω, x˜))a(x˜) is convex and has a
non-empty interior in the relative norm topology of (X(ω))z .
(b) the correspondence (ω, x˜) → (A(ω, x˜))a(x˜) : Ω × LX → 2
Y
has measurable graph i.e. {(ω, x˜, y) ∈ Ω × LX × Y : y ∈ (A(ω, x˜))ai(x˜)} ∈
F⊗ßw(LX)⊗ß(Y ) where ßw(LX) is the Borel σ−algebra for the weak topol-
ogy on LX and ß(Y ) is the Borel σ−algebra for the norm topology on Y .
(c) the correspondence (ω, x˜)→ (A(ω, x˜))a(x˜) has weakly open lower
sections, i.e., for each ω ∈ Ω and for each y ∈ Y, the set ((A(ω, x˜)a(x˜))
−1(ω, y) =
{x˜ ∈ LX : y ∈ (A(ω, x˜))ai(x˜)}} is weakly open in LX ;
(d) For each ω ∈ Ω, x˜ →cl(A(ω, x˜))a(x˜) : LX → 2
Y is upper
semicontinuous in the sense that the set {x˜ ∈ LX :cl(A(ω, x˜))a(x˜) ⊂ V } is
weakly open in LX for every norm open subset V of Y ;
Then, there exists x˜∗ ∈ LX such that x˜∗(ω) ∈cl(A(ω, x˜∗))a(x˜∗).
Theorem 7 Let I be a countable or uncounatble set. Let (Ω, F, µ) be a
complete finite separable measure space and let Y be a separable Banach
space. Suppose that the following conditions are satisfied:
For each i ∈ I :
(a) Xi : Ω → F(Y ) is such that ω → (Xi(ω))zi : Ω → 2
Y is
a nonempty, convex, weakly compact-valued and integrably bounded corre-
spondence;
(b) Xi : Ω → F(Y ) is such that ω → (Xi(ω))zi : Ω → 2
Y is
Fi−lower measurable;
A.2)
(a) For each (ω, x˜) ∈ Ω × LX , (Ai(ω, x˜))ai(x˜) is nonempty convex
and compact ;
(b) For each x˜ ∈ LX , the correspondence ω → (Ai(ω, x˜))ai(x˜) : Ω →
2Y has a measurable graph;
(c) For each ω ∈ Ω, x˜ → (Ai(ω, x˜))ai(x˜) : LX → 2
Y is upper
semicontinuous ;
A.3)
ψi : Ω × LX × Y → R ∪ {−∞,+∞} is such that:
(a) x˜→ {y ∈ Y : ψi(ω, x˜, y) > 0} : LX → 2
Y is upper semicontinuous
with compact values on LX for each fixed ω ∈ Ω;
(b) x˜i(ω) /∈ {y ∈ Y : ψi(ω, x˜, y) > 0} for each fixed (ω, x˜) ∈ Ω × LX ;
(c) for each (ω, x˜) ∈ Ω × LX , ψi(ω, x˜, ·) is concave;
(d) for each ω ∈ Ω, {x˜ ∈ LX : αi(ω, x˜) > 0} is weakly open in LX ,
where αi : Ω×LX → R is defined by αi(ω, x˜) = supy∈(Ai(ω,x˜))ai(x˜)
ψi(ω, x˜, y)
for each (ω, x˜) ∈ Ω × LX ;
(e) {(ω, x˜) : αi(ω, x˜) > 0} ∈ Fi ⊗B(LX).
Then, there exists x˜∗ ∈ LX such that for every i ∈ I,
i) x˜i
∗(ω) ∈ (Ai(ω, x˜
∗))ai(x˜∗);
ii) supy∈(Ai(ω,x˜∗))ai(x˜∗)ψi(ω, x˜
∗, y) ≤ 0.
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Proof. For every i ∈ I, let Pi : Ω×LX → F(Y ) and pi : LX → (0, 1] such
that (Pi(ω, x˜))pi(x˜) = {y ∈ Y : ψi(ω, x˜, y) > 0} for each (ω, x˜) ∈ Ω × LX .
We shall show that the abstract economyG = {(Ω,F, µ), (Xi, Fi, Ai, Pi, ai, pi, zi)i∈I}
satisfies all the hypotheses of Theorem 1.
Suppose ω ∈ Ω.
According to A3 a), we have that x˜ → (Pi(ω, x˜))pi(x˜) : LX → 2
Y
is upper semicontinuous with nonempty values and according to A3 b),
x˜i(ω) 6∈ (Pi(ω, x˜))pi(x˜) for each x˜ ∈ LX . Assumption A3 c) implies that
x˜→ (Pi(ω, x˜))pi(x˜) : LX → 2
Y has convex values.
By the definition of αi, we note that {x˜ ∈ LX : (Ai(ω, x˜))ai(x˜)∩(Pi(ω, x˜))pi(x˜) 6=
∅} = {x˜ ∈ LX : αi(ω, x˜) > 0} so that {x˜ ∈ LX : (Ai(ω, x˜))ai(x˜) ∩
(Pi(ω, x˜))pi(x˜) 6= ∅} is weakly open in LX by A3 d).
According to A2 b) and A3 e), it follows that the correspondences
(ω, x˜) → (Ai(ω, x˜))ai(x˜) : Ω × LX → 2
Y and (ω, x˜) → (Pi(ω, x˜))pi(x˜) :
Ω × LX → 2Y have measurable graphs.
Thus the Bayesian abstract fuzzy economyG = {(Ω,F, µ), (Xi, Fi, Ai, Pi, ai, bi, zi)i∈I}
satisfies all the hypotheses of Theorem 2. Therefore, there exists x˜∗ ∈ LX
such that for every i ∈ I :
x˜∗i (ω) ∈ (Ai(ω, x˜
∗))ai(x˜∗) µ− a.e and
(Ai(ω, x˜
∗))ai(x˜∗) ∩ (Pi(ω, x˜
∗))pi(x˜∗) = φ µ− a.e;
that is, there exists x˜∗ ∈ LX such that for every i ∈ I :
i) x˜i
∗(ω) ∈ (Ai(ω, x˜∗))ai(x˜∗);
ii) supy∈(Ai(ω,x˜∗))ai(x˜∗)ψi(ω, x˜
∗, y) ≤ 0.
If |I|=1, we obtain the following corollary.
Corollary 3 Let (Ω, F, µ) be a complete finite separable measure space and
let Y be a separable Banach space. Suppose that the following conditions are
satisfied:
A.1)
(a) X : Ω → F(Y ) is such that ω → (X(ω))z : Ω → 2
Y is
a nonempty, convex, weakly compact-valued and integrably bounded corre-
spondence.
(b) X : Ω → F(Y ) is such that ω → (X(ω))z : Ω → 2Y is F−lower
measurable;
A.2)
(a) For each (ω, x˜) ∈ Ω × LX , (A(ω, x˜))a(x˜) is non-empty convex
and compact ;
(b) For each x˜ ∈ LX , the correspondence ω → (A(ω, x˜))a(x˜) : Ω → 2
Y
has a measurable graph;
(c) For each ω ∈ Ω, x˜→ (A(ω, x˜))a(x˜) : LX → 2
Y is upper semicon-
tinuous;
A.3)
ψ : Ω × LX × Y → R ∪ {−∞,+∞} is such that:
(a) x˜→ {y ∈ Y : ψ(ω, x˜, y) > 0} : LX → 2Y is upper semicontinuous
with weakly compact values on LX for each fixed ω ∈ Ω;
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(b) x˜(ω) /∈ {y ∈ Y : ψ(ω, x˜, y) > 0} for each fixed (ω, x˜) ∈ Ω × LX ;
(c) for each (ω, x˜) ∈ Ω × LX , ψ(ω, x˜, ·) is concave;
(d) for each ω ∈ Ω, {x˜ ∈ LX : α(ω, x˜) > 0} is weakly open in LX ,
where α : Ω × LX → R is defined by α(ω, x˜) = supy∈(A(ω,x˜))a(x˜) ψ(ω, x˜, y)
for each (ω, x˜) ∈ Ω × LX ;
(e) {(ω, x˜) : α(ω, x˜) > 0} ∈ F ⊗B(LX).
Then, there exists x˜∗ ∈ LX such that :
i) x˜∗(ω) ∈ (A(ω, x˜∗))a(x˜∗);
ii) supy∈(A(ω,x˜∗))a(x˜∗)ψ(ω, x˜
∗, y) ≤ 0.
As a consequence of the Theorem 2, we prove the following Tan and
Yuan’s type (1995) random quasi-variational inequality with random fuzzy
mappings.
Theorem 8 Let (Ω, F, µ) be a complete finite separable measure space and
let Y be a separable Banach space. Suppose that the following conditions are
satisfied:
For each i ∈ I :
A.1)
(a) Xi : Ω → F(Y ) is such that ω → (Xi(ω))zi : Ω → 2
Y is
a nonempty, convex, weakly compact-valued and integrably bounded corre-
spondence;
(b) Xi : Ω → F(Y ) is such that ω → (Xi(ω))zi : Ω → 2
Y is
Fi−lower measurable;
A.2)
(a) For each (ω, x˜) ∈ Ω × LX , (Ai(ω, x˜))ai(x˜) is nonempty convex
and weakly compact ;
(b) For each x˜ ∈ LX , the correspondence ω → (Ai(ω, x˜))ai(x˜) : Ω →
2Y has a measurable graph;
(c) For each ω ∈ Ω, x˜ → (Ai(ω, x˜))ai(x˜) : LX → 2
Y is upper
semicontinuous ;
A.3)
Gi : Ω × Y → F(Y ′) and gi : Y → (0, 1] are such that:
(a) For each fixed (ω, y) ∈ Ω×Y, x˜→ {y ∈ Y : supu∈(Gi(ω,y))gi(y)
Re〈u, x˜i(ω)−
y〉 > 0} : LX → 2Y is upper semicontinuous with compact values;
(b) for each fixed ω ∈ Ω, the set
{x˜ ∈ LX : supy∈(Ai(ω,x˜))ai(x˜))
supu∈(Gi(ω,y))gi(y)
Re〈u, x˜i(ω)− y〉 > 0} is
weakly open in LX
(c) {(ω, x˜) : supu∈(Gi(ω,y))gi(y)
Re〈u, x˜i(ω)− y〉 > 0} ∈ F ⊗B(LX).
A.4)
Hi : Ω × Y → F(Y ′) and hi : Y → (0, 1] are such that:
(a) For each fixed (ω, y) ∈ Ω × Y, (Hi(ω, y))hi(y) ⊂ (Gi(ω, y))gi(y);
(b) for each ω ∈ Ω, y → (Hi(ω, y))hi(y) : Y → 2
Y ′ is monotone with
non-empty values ;
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(c) for each ω ∈ Ω, y → (Hi(ω, y))hi(y) : L ∩ Y → 2
Y ′ is lower
semicontinuous from the relative topology of Y into the weak∗−topology
σ(Y ′, Y ) of Y ′ for each one-dimensional flat L ⊂ Y.
Then, there exists x˜∗ ∈ LX such that for every i ∈ I:
i) x˜i
∗(ω) ∈ (Ai(ω, x˜∗))ai(x˜∗);
ii) supu∈(Hi(ω,x˜∗(ω)))hi(x˜∗(ω))Re〈u, x˜i
∗(ω)−y〉 ≤ 0 for all y ∈ (Ai(ω, x˜∗))ai(x˜∗).
Proof. Let us define ψi : Ω × LX × Y → R ∪ {−∞,+∞} by
ψi(ω, x˜, y) = supu∈(Gi(ω,y))gi(y)
Re〈u, x˜i(ω)− y〉 for each (ω, x˜, y) ∈ Ω ×
LX × Y.
We have that x˜i(ω) /∈ {y ∈ Y : ψi(ω, x˜, y) > 0} for each fixed (ω, x˜) ∈
Ω×LX and, as a consequence of assumption A3 b), it follows that for each
(ω, x˜) ∈ Ω × LX , ψi(ω, x˜, ·) is concave.
All the hypotheses of Theorem 2 are satisfied. According to Theorem 2,
there exists x˜∗ ∈ LX such that x˜i
∗(ω) ∈cl(Ai(ω, x˜
∗))ai(x˜∗) for every i ∈ I.
and
(1) supy∈Ai(ω,x˜∗))ai(x˜∗) supu∈(Gi(ω,y))gi(y)
Re〈u, x˜i
∗(ω)−y〉 ≤ 0 for every
i ∈ I.
Finally, we will prove that
supy∈Ai(ω,x˜∗))ai(x˜∗) supu∈Hi(ω,x˜∗(ω))hi(x˜∗(ω))
Re〈u, x˜i
∗(ω)− y〉 ≤ 0 for ev-
ery i ∈ I.
In order to do that, let us consider i ∈ I and the fixed point ω ∈ Ω.
Let y ∈ (Ai(ω, x˜∗))ai(x˜∗), λ ∈ [0, 1] and z
i
λ(ω) := λy + (1 − λ)x˜i
∗(ω).
According to assumption A2 a), ziλ(ω) ∈ Ai(ω, x˜
∗).
According to (1), we have supu∈(Hi(ω,ziλ(ω)))hi(ziλ(ω))
Re〈u, x˜i
∗(ω)−ziλ(ω)〉 ≤
0 for each λ ∈ [0, 1].
For each λ ∈ [0, 1], we have that
t{supu∈(Hi(ω,ziλ(ω)))hi(ziλ(ω))
Re〈u, x˜i
∗(ω)− y〉} =
supu∈Hi(ω,ziλ(ω)))hi(ziλ(ω))
) tRe〈u, x˜i
∗(ω)− y)〉 =
supu∈(Hi(ω,ziλ(ω)))hi(ziλ(ω))
)Re〈u, x˜i
∗(ω)− ziλ(ω)〉 ≤ 0.
It follows that for each λ ∈ [0, 1],
(2) supu∈(Hi(ω,ziλ(ω)))hi(ziλ(ω))
Re〈u, x˜i
∗(ω)− y〉 ≤ 0.
Now, we are using the lower semicontinuity of y → (Hi(ω, y))hi(y) : L ∩
Y → 2Y
′
in order to show the conclusion. For each z0 ∈ (Hi(ω, x˜i
∗(ω)))hi(x˜∗(ω))
and e > 0 let us consider U iz0 , the neighborhood of z0 in the topology
σ(Y ′, Y ), defined by U iz0 := {z ∈ Y
′ : |Re〈z0 − z, x˜i
∗(ω) − y〉| < e}.
As y → (Hi(ω, y))hi(y) : L ∩ Y → 2
Y ′ is lower semicontinuous, where
L = {ziλ(ω) : λ ∈ [0, 1]} and U
i
z0 ∩ (Hi(ω, x˜
∗
i (ω)))hi(x˜∗i (ω)) 6= ∅, there ex-
ists a non-empty neighborhood N(x˜i
∗(ω)) of x˜i
∗(ω) in L such that for
each z ∈ N(x˜i
∗(ω)), we have that U iz0 ∩ (Hi(ω, z))hi(z) 6= ∅. Then there
exists δ ∈ (0, 1], t ∈ (0, δ) and u ∈ (Hi(ω, ziλ(ω)))hi(ziλ(ω)) ∩ U
i
z0 6= ∅
such that Re〈z0 − u, x˜i
∗(ω) − y〉 < e. Therefore, Re〈z0, x˜i
∗(ω) − y〉 <
Re〈ui, x˜i
∗(ω)− y〉+ e.
It follows that
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Re〈z0, x˜i
∗(ω)− y〉 < Re〈u, x˜i
∗(ω)− y〉+ e < e.
The last inequality comes from (2). Since e > 0 and z0 ∈ (Hi(ω, x˜∗(ω)))hi(x˜∗(ω))
have been chosen arbitrarily, the next relation holds:
Re〈z0, x˜i
∗(ω)− y〉 < 0.
Hence, for each i ∈ I, we have that supu∈(Hi(ω,x˜∗(ω)))hi(x˜∗(ω))
Re〈z0, x˜i
∗(ω)−
y〉 ≤ 0 for every y ∈ (Ai(ω, x˜
∗))ai(x˜∗).
If |I|=1, we obtain the following corollary.
Corollary 4 Let (Ω, F, µ) be a complete finite separable measure space and
let Y be a separable Banach space. Suppose that the following conditions are
satisfied:
A.1)
(a) X : Ω → F(Y ) is such that ω → (X(ω)z : Ω → 2
Y is
a nonempty, convex, weakly compact-valued and integrably bounded corre-
spondence.
(b) X : Ω → F(Y ) is such that ω → (X(ω))z : Ω → 2
Y is F−lower
measurable;
A.2)
(a) For each (ω, x˜) ∈ Ω × LX , (A(ω, x˜))a(x˜) is non-empty convex
and compact .
(b) For each x˜ ∈ LX , the correspondence ω → (A(ω, x˜))a(x˜) : Ω → 2
Y
has a measurable graph;
(c) For each ω ∈ Ω, x˜→ (A(ω, x˜))a(x˜) : LX → 2
Y is upper semicon-
tinuous;
A.3)
G : Ω × Y → F(Y ′) and g : Y → (0, 1] are such that:
(a) For each fixed (ω, y) ∈ Ω×Y, x˜→ {y ∈ Y : supu∈(G(ω,y))g(y) Re〈u, x˜(ω)−
y〉 > 0} : LX → 2Y is upper semicontinuous with compact values;
(b) for each fixed ω ∈ Ω, the set
{x˜ ∈ LX : supy∈(A(ω,x˜))a(x˜)) supu∈(G(ω,y))g(y)Re〈u, x˜(ω) − y〉 > 0} is
weakly open in LX ;
(c) {(ω, x˜) : supu∈(G(ω,y))g(y) Re〈u, x˜(ω)− y〉 > 0} ∈ F ⊗B(LX);
A.4)
H : Ω × Y → F(Y ′) and h : Y → (0, 1] are such that:
(a) For each fixed (ω, y) ∈ Ω × Y, (H(ω, y))h(y) ⊂ (G(ω, y))g(y);
(b) for each ω ∈ Ω, y → (H(ω, y))h(y) : Y → 2
Y ′ is monotone with
non-empty values ;
(c) for each ω ∈ Ω, y → (H(ω, y))h(y) : L ∩ Y → 2
Y ′ is lower
semicontinuous from the relative topology of Y into the weak∗−topology
σ(Y ′, Y ) of Y ′ for each one-dimensional flat L ⊂ Y.
Then, there exists x˜∗ ∈ LX such that :
i) x˜∗(ω) ∈ (A(ω, x˜∗))a(x˜∗);
ii) supu∈(H(ω,x˜∗(ω)))h(x˜∗(ω))Re〈u, x˜
∗(ω)−y〉 ≤ 0 for all y ∈ (A(ω, x˜∗))a(x˜∗).
We obtain the following random fixed point theorem as a corollary.
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Theorem 9 Let (Ω, F, µ) be a complete finite separable measure space and
let Y be a separable Banach space. Suppose that the following conditions are
satisfied:
For each i ∈ I :
A.1)
(a) Xi : Ω → F(Y ) is such that ω → (Xi(ω))zi : Ω → 2
Y is
a nonempty, convex, weakly compact-valued and integrably bounded corre-
spondence;
(b) Xi : Ω → F(Y ) is such that ω → (Xi(ω))zi : Ω → 2
Y is
Fi−lower measurable;
A.2)
(a) For each (ω, x˜) ∈ Ω × LX , (Ai(ω, x˜))ai(x˜) is non-empty convex
and compact;
(b) For each x˜ ∈ LX , the correspondence ω → (Ai(ω, x˜))ai(x˜) : Ω →
2Y has a measurable graph;
(c) For each ω ∈ Ω, x˜ → (Ai(ω, x˜))ai(x˜) : LX → 2
Y is upper
semicontinuous ;
Then, there exists x˜∗ ∈ LX such that for every i ∈ I, x˜i
∗(ω) ∈ (Ai(ω, x˜∗))ai(x˜∗).
If |I|=1, we obtain the following result.
Theorem 10 Let (Ω, F, µ) be a complete finite separable measure space and
let Y be a separable Banach space. Suppose that the following conditions are
satisfied:
A.1)
(a) X : Ω → F(Y ) is such that ω → (X(ω))z : Ω → 2Y is
a nonempty, convex, weakly compact-valued and integrably bounded corre-
spondence;
(b) X : Ω → F(Y ) is such that ω → (X(ω))z : Ω → 2Y is F−lower
measurable;
A.2)
(a) For each (ω, x˜) ∈ Ω × LX , (A(ω, x˜))a(x˜) is non-empty convex
and compact ;
(b) For each x˜ ∈ LX , the correspondence ω → (A(ω, x˜))a(x˜) : Ω → 2
Y
has a measurable graph;
(c) For each ω ∈ Ω, x˜→ (A(ω, x˜))a(x˜) : LX → 2
Y is upper semicon-
tinuous ;
Then, there exists x˜∗ ∈ LX such that for every i ∈ I, x˜
∗(ω) ∈ (A(ω, x˜∗))a(x˜∗)
5 APPENDIX
The results below have been used in the proof of our theorems. For more
details and further references see the paper quoted.
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Theorem 11 (Projection theorem). Let (Ω, F , µ) be a complete, finite mea-
sure space, and Y be a complete separable metric space. If H belongs to
F⊗ß(Y ), its projection ProjΩ(H) belongs to F.
Theorem 12 (Aumann measurable selection theorem [30]). Let (Ω, F, µ)
be a complete finite measure space, Y be a complete, separable metric space
and T : Ω → 2Y be a nonempty valued correspondence with a measurable
graph, i.e., GT ∈ F ⊗β(Y ). Then there is a measurable function f : Ω → Y
such that f(ω) ∈ T (ω) µ− a.e.
Theorem 13 (Diestel’s Theorem [30, Theorem 3.1). Let (Ω, F, µ) be a
complete finite measure space, X be a separable Banach space and T : Ω →
2Y be an integrably bounded, convex, weakly compact and nonempty valued
correspondence. Then ST = {x ∈ L1(µ, Y ) : x(ω) ∈ T (ω) µ-a.e.} is weakly
compact in L1(µ, Y ).
Theorem 14 (Carathe´odory-type selection theorem [15]). Let (Ω,F, µ) be
a complete measure space, Z be a complete separable metric space and Y
a separable Banach space. Let X : Ω → 2Y be a correspondence with a
measurable graph, i.e., GX ∈ F⊗ß(Y ) and let T : Ω × Z → 2Y be a convex
valued correspondence (possibly empty) with a meaurable graph, i.e., GT ∈
F⊗ß(Z)⊗ß(Y ) where ß(Y ) and ß(Z) are the Borel σ−algebras of Y and Z,
respectively.
Suppose that:
(a) for each ω ∈ Ω, T (ω, x) ⊂ X(ω) for all x ∈ Z.
(b) for each ω ∈ Ω, T (ω,·) has open lower sections in Z, i.e., for each
ω ∈ Ω and y ∈ Y , T−1(ω, y) = {x ∈ Z : y ∈ T (ω, x)} is open in Z.
(c) for each (ω, x) ∈ Ω × Z, if T (ω, x) 6= ∅, then T (ω, x) has a non-
empty interior in X(ω).
Let U = {(ω, x) ∈ Ω×Z : T (ω, x) 6= ∅} and for each x ∈ Z, Ux = {ω ∈
Ω : (ω, x) ∈ U} and for each ω ∈ Ω, Uω = {x ∈ Z : (ω, x) ∈ U}. Then for
each x ∈ Z, Ux is a measurable set in Ω and there exists a Caratheodory-
type selection from T|U , i.e., there exists a function f : U → Y such that
f(ω, x) ∈ T (ω, x) for all (ω, x) ∈ U , for each x ∈ Z, f(·, x) is measurable
on Ux and for each ω ∈ Ω, f(ω,·) is continuous on Uω. Moreover, f(·,·) is
jointly measurable.
Theorem 15 (U. s. c. Lifting Theorem. [30]). Let Y be a separable space,
(Ω, F, µ) be a complete finite measure space and X : Ω → 2Y be an inte-
grably bounded, nonempty, convex valued correspondence such that for all
ω ∈ Ω, X(ω) is a weakly compact, convex subset of Y . Denote by SX the
set {x ∈ L1(µ, Y ) : x(ω) ∈ X(ω) µ − a.e.}. Let T : Ω × SX → 2
Y be a
nonempty, closed, convex valued correspondence such that T (ω, x) ⊂ X(ω)
for all (ω, x) ∈ Ω × S1X . Assume that for each fixed x ∈ SX , T (·, x) has a
measurable graph and that for each fixed ω ∈ Ω, T (ω,·) : SX → 2Y is u.s.c.
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in the sense that the set {x ∈ SX : T (ω, x) ⊂ V } is weakly open in SX for
every norm open subset V of Y . Define the correspondence Φ : SX → 2SX
by
Φ(x) = {y ∈ SX : y(ω) ∈ T (ω, x) µ− a.e.}.
Then Φ is weakly u.s.c., i.e., the set {x ∈ SX : Φ(x) ⊂ V } is weakly
open in SX for every weakly open subset V of SX .
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